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The early phases of the proposed work have been initiated. 	A 
comprehensive literature search began and is ongoing. Most of the background 
work in the field has been collected and reviewed. 
Design work for a suitable rotorcraft model has begun. An appropriate 
landing gear model (including desired degrees of freedom and spring, damper 
characteristics) is being developed. 
Coding of a multi -degree-of-freedom landing gear coupled to an 
articulated rotor has begun. Suitable transformations to allow a reduction in 
the number of blade coordinates in spite of geometric and physical 
nonlinearities are being sought. 
An extremely important academic hurdle for the student working on the 
project is the Ph.D. qualifying examination, which took place during the last 
two weeks of Novembe deemed critical that the Rt.ident pass this exam 
on his first sitting, as a i 	 a repeat of the exam six 
months later. During this period the 	would not be able to devote all 
his energies to the project owing to worry over the exam and preparation 
time. Therefore, the importance of the exam was stressed during the preceding 
month or so. 
It is a pleasure to report that the student passed all areas of the exam 
and indeed distinguished himself by his performance. 
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BRIEF OUTLINE OF RESEARCH FINDINGS 
A fully nonlinear limit cycle analysis has been developed and compared with 
both a restricted nonlinear Analysis (the previous state of the art) and full 
numerical simulations. 	The fully nonlinear analysis allows an excellent 
quantitative agreement with numerical simulations. 	The cost of the limit 
cycle determination has been reduced by two to three orders of magnitude over 
numerical integrations. A methodology for analyzing generic rotor systems 
with an arbitrary number of response harmonics has been developed. A compari-
son of the restricted nonlinear analysis with the fully nonlinear one shows 
marked differences at high amplitude oscillations, with the restricted analy-
sis overestimating the actual response amplitude. The current newly developed 
analysis allows the inclusion of reasonably complex geometric nonlinearities 
in the limit cycle analysis with little difficulty. 
Future work will involve an extensive experimental comparison with the analyt-
ically predicted results. The analysis will be extended to the case of hinge-
less rotors and a full parametric study for a generic helicopter configuration 
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BRIEF OUTLINE OF RESEARCH FINDINGS 
The original experimental setup has been revised in light of shortcomings that became ap-
parent during preliminary data acquisition. The main problems were a good deal of noise in the 
signal and a lack of sufficient control over the system's lumped damping elements. A precision 
slip ring assembly has been installed and the rotor mounting has been modified. The data pro-
duced by the model is now uncontaminated by unwanted noise. Rotary damping elements have 
been machined both for the fuselage and the blades. Springs have been installed on the model's 
blades in order to allow a simulation of both an articulated as well as a simplified hingeless blade 
set. Parameter identification routines have been developed to identify the linear and nonlinear 
damping and spring characteristics of the system. The resulting parameter coefficients are being 
used in the analytical model of the craft. Comparisons between the analytical and experimental 
model are now under way. 
A parametric limit cycle study in which the linear blade damping and the hydraulic fuselage 
damping were varied has been completed and interesting results have been obtained. The fully 
nonlinear model has demonstrated a surprising degree of agreement with the quasi-nonlinear 
model that was developed during Year One of the project. It appears that the full nonlinearities 
alter the quantitative but not the qualitative trends of the limit cycle responses. 
The air resonance phase of the research is progressing according to schedule. An appropriate 
simplified rotorcraft model has been selected and the development of the equations of motion of 
this model is currently under way. As would be expected, aerodynamics will play a much larger 
role in the air resonance study than has been the case for ground resonance. Analyses of this 
analytical model for air resonance behavior and the effect of nonlinearities will be carried out in 
the coming months. 
• 
ABSTRACTS OF SUBMITTED PAPERS 
Nonlinear Rotorcraft Analysis 
A limit cycle analysis for a fully nonlinear modeling of a helicopter is presented and the 
results compared to numerical integrations of the equations of motion and to a restricted nonlinear 
analysis. The model is used to analyze the nonlinear ground resonance behavior of a helicopter. 
Although a restricted analysis will give a qualitative idea of the system's response, it is shown 
that a fully nonlinear analysis is necessary to obtain quantitative agreement with numerical 
integrations if the motions become large. A harmonic balance approach is utilized and symbolic 
manipulation is used to obtain the coefficients of the various harmonics of the system response. 
A single harmonic is shown to be sufficient to allow the amplitudes and frequencies of the limit 
cycle response to be accurately predicted. 
Modeling and Analysis of a Nonlinear Rotorcraft 
Analyzing a system of nonlinear equations for the presence of limit cycles is often a tedious 
and time consuming proposition, even for relatively simple systems. The large amount of algebraic 
manipulation required is extremely difficult to perform accurately and can quickly degenerate 
into an intractable problem. This paper discusses the development of a mathematical model for 
a helicopter with nonlinear damping in its landing gear. The use of symbolic manipulation in 
the derivation of the complex set of equations is stressed. The resulting equations represent an 
important extension to the type of nonlinear equations that have previously been analyzed and 
allow a more accurate calculation of the system's response. The techniques used are described in 
detail and are applicable to the study of generic rotating systems. 
Construction and Analysis of a Simplified 
Ground Resonance Model 
It has long been recognized by the rotory wing aircraft community that an instability known 
as ground resonance can occur which can threaten both the integrity and performance of an 
aircraft. Although the behavior of linear rotorcraft models have been well established, only 
recently has the behavior of a vehicle with nonlinear characteristics been studied. A simplified 
physical model is developed in the present analysis which exhibits many of the same response 
characteristics as the nonlinear model of a helicopter. A parametric study of this model is 
undertaken to see how parametric changes affect the steady-state response of the system. Through 
the use of the model, it is shown that the limit cycle behavior of a nonlinear ground resonance 
model behaves in a similar manner to a rotating shaft with a setscrew or key. 
A Method to Improve the Modal Convergence 
for Structures with External Forcing 
The traditional approach of using free vibration modes in the assumed mode , method often 
leads to an extremely slow convergence rate, especially when discrete interactive forces are in-
volved. By introducing a number of forced modes, significant improvements can be achieved. 
These forced modes are intrinsic to the structure and the spatial distribution of forces. The 
motion of the structure can be described exactly by these forced modes and a few free vibra-
tion modes provided that certain conditions are satisfied. The forced modes can be viewed as 
an extension of static modes. The development of a forced mode formulation is outlined and a 
numerical example is presented. 
Interpolated Cell Mapping of Nonliner Systems 
A method is proposed to efficiently determine the basins of attraction of a nonlinear system's 
different steady state solutions. The phase space of the dynamical system is spacially discretized 
and the continuous problem in time is converted to an iterative mapping. By means of interpola-
tion procedures, an improvement in the system accuracy over the Simple Cell Mapping technique 
is achieved. Both basins of attraction for a representative nonlinear system and characteristic 
system trajectories are generated and compared to exact solutions. 
On Obtaining Global Nonlinear System Characteristics 
Through Interpolated Cell Mapping 
Period doubling bifurcations and fractal basin boundaries are investigated by means of Inter-
polated Cell Mapping (ICM). ICM is a new method to determine the continuous time trajectory 
of a nonlinear system by spacially discretizing the system and employing an interpolation pro-
cedure to estimate the system's response at any arbitrary point in phase space. The parameter 
values at which period doubling occurs for a Duffing's oscillator is found by both conventional 
time integration and two mapping techniques and the results compared. The ICM method is 
shown to very accurately determine the points of bifurcation. The dimension of a fractal basin 
boundary is determined by ICM and compared to an exact determination. The ICM procedure 
produces the same fractal dimension determination as the exact analysis but only requires one 
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BRIEF OUTLINE OF RESEARCH FINDINGS 
The period of time under discussion was to have involved studies of both ground and air 
resonance questions, both of which have been addressed. With regard to the ground 
resonance work, the analytical work has been progressing in an extremely satisfying 
manner. A study of the effect of varying linear blade damping on the limit cycle 
behavior of the rotorcraft model has been completed. Further parameter variation 
studies are currently being concluded. They include varying fuselage relative 
stiffnesses, fuselage relative inertias, varying blade stiffnesses for the hingeless blade 
model, and breakaway forces for fuselage damping. 
The experimental ground resonance work has also shown excellent results. A study in 
which the fuselage inertias were varied has been completed and others are planned. 
They include varying the relative fuselage stiffnesses and the blade inertias. 
Identification of the system damping parameters, which has given some difficulties in 
the past, is proceeding and is yielding some interesting insights into the modeling of 
nonlinear system parameters. 
The air resonance work is proceeding well and is currently ahead of schedule. Using 
symbolic manipulation, the full dynamical equations of motion for an air resonance 
model were derived and programmed for numerical integration. This model includes 
simplified linear aerodynamics. A simplified dynamical model has been developed and 
numerical integration results compared. These results indicate that the qualitative 
behavior of the system is well captured by the simplified model. At the present time, 
work is progressing on further simplifying the aerodynamical model so that the system 
can be analyzed for interesting dynamical behavior in a straightforward and efficient 
manner while still retaining physical validity. 
to the na case. This task is 90 percent complete and the results will be 
documented by May 31, 1986. In task (4) methods for translating 1D test 
levels into equivalent 3D test levels have been formulated and a program has 
been developed to display the oscillation path and the shaker head path in 3D 
color plots. The adequacy of the proposed 3D test will be examined using 
shock spectra and fatigue cycle count equivalence. This task will be com-
pleted by June 30, 1986. 
	
22326-EG 	Ting W. Lee, State University of New York  
"Design of Mechanisms with Prescribed Entire-Motion 
Characteristics" 
This research is concerned with the design of mechanisms with prescribed 
entire-motion characteristics. In particular, it is intended to apply recent 
advances in kinematic and dynamic theories, coupled with computer-graphics 
techniques, to develop design methods capable of predicting the performance 
characteristics of a representative class of realistic spatial mechanisms and 
mechanical systems. 
The research this past year has focused on two difficult problems. The 
first concerns the dynamic analysis and design optimization of a robotic 
positioner. A novel device, the Stewart Platform, is investigated for dynamic 
force analysis and design optimization in order to use it for a transfer 
mechanism or a robotic positioner. Kinematic analysis including the effects 
of constraints, such as ball joints limitations and link-length limits, is 
performed and the theory is developed into a software for computer graphics 
simulation. Currently, the work has been on the formulation of a dynamic 
model of the Platform mechanism. It is expected that stability criteria as 
well as force analysis will be developed. Useful design charts and design 
guidelines will be offered. 
The second task is concerned with the error analysis of manipulators. A 
three-dimensional mathematical model of error analysis is developed for the 
open-loop linkage involving cylindrical and revolute joints. The model is 
suitable for the error analysis of robot manipulators. It uses the dual 
number (3x3) screw calculus and involves the formulation of a displacement 
equation explicit in terms of the tolerance of links and the clearance of 
joints. The heuristic optimization of Lee and Freudenstein is employed to 
estimate the extreme tolerances and clearances of a manipulator at the design 
stage. Two industrial robots, the PUMA 500 and SEIKO 3000, are used to illus-
trate the theory. 
22557-EG 	Benson H. Tongue, Georgia Institute of Technology  
"Nonlinear Rotorcraft Analysis Experimental and Analytical" 
Ground resonance, a phenomenon that affects helicopters during take off 
and landing if the parameters of the helicopter's structure are in a specific 
regime, is manifested by an oscillatory response that quickly grows to levels 
that can destoy the vehicle. The cause of this behavior is the coupling 
between the motion of the helicopter's blades and the motion of the helicopter 
3 
fuselage. Air resonance refers to a similar phenomenon that occurs to heli-
copters in the air. In this case the coupling is entirely internal to the 
helicopter itself and no ground contact need occur. 
The objective of this program is to develop analytical models that allow a 
nonlinear analysis of the ground and air resonance phenomenon. Linear models 
can and have been developed which indicate the onset of ground and air reso-
nance for systems initially in equilibrium. These models are unable to pre-
dict what the finite amplitude response of the helicopter will be and are 
unable to determine the existence of high amplitude limit cycles that occur at 
the same rotor speed that produces a stable response about equilibrium posi-
tions. Solutions will be sought that indicate the amplitudes and frequencies 
of finite amplitude oscillatory responses. This will allow a very cost effec-
tive way to predict the behavior of rotorcraft for a wide variety of parameter 
combinations. An experimental program will be pursued in parallel with the 
analytical work in order to verify the analysis. 
The analytical approaches being used are limit cycle analyses and numeri- 
cal simulations. The limit cycle technique presumes the existence of a finite 
amplitude oscillation at a specific frequency. A solution of the equations of 
motion is then sought that satisfies these conditions. This approach is quite 
accurate as long as the response can be easily characterized by a limited 
number of harmonic components. In the simplest case, a single harmonic will 
be sufficient to characterize the motion of the helicopter. In highly non-
linear situations, an assumption of a continuous frequency spectra may be 
needed. Numerical simulations are used to verify the accuracy of the limit 
cycle analyses and also to provide information about the response of the fully 
nonlinear system for situations that are not amenable to limit cycle analysis. 
A single harmonic limit cycle analysis has been derived that applies to a 
model rotorcraft having two in-plane degrees of freedom and an articulated 
rotor with lagging blades. The analysis gives the amplitude and frequency 
response of the system for retained nonlinearities to the second order. 
Theoretical analysis has indicated that, under a harmonic response, the reten-
tion of second order structural nonlinearities will not alter the amplitude-
frequency characteristics of a first order model with second order damping 
nonlinearities. This allows a savings in computation time and cost. Results 
have been attained which indicate the existence of interesting limit cycle 
behavior for the nonlinear model, such as multiple solutions and hysteresis, 
which are not predictable from a linear standpoint. 
An experimental apparatus has been assembled and data acquisition equip-
ment is being added to the system. Preliminary tests have demonstrated the 
feasibility of using the model to simulate limit cycle behavior when in the 
ground resonance regime. Precise correlations with theoretical predictions 
will be undertaken in the near future. 
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1. PROBLEM STUDIED 
A parallel effort involving both analytical and experimental work was performed to allow 
a deeper understanding of the limit cycle behavior of rotorcraft and of the implication of this 
behavior for the safe operation of such rotorcraft. The theoretical development encompassed 
articulated and hingeless rotors with a great enough number of included degrees of freedom to 
allow accurate predictions of a simplified rotorcraft's responses. The experimental model allowed 
the simulation of both hingeless and articulated rotors in ground resonance. The purpose of the 
above work was to identify the regimes of helicopter operation that can support limit cycling and 
the range of excitations the system can withstand before entering a limit cycle. Both ground and 
air resonance behaviors were analytically investigated. 
2. MAIN RESULTS 
The research program proved to be extremely successful. A sophisticated harmonic balance 
procedure was applied to the fully nonlinear ground resonance model and was shown to capture 
all of the essential dynamical behavior of the system. This modeling went substantially beyond 
any of the nonlinear ground resonance analyses that preceded it. Construction of the equations 
of motion and the subsequent solution of these equations was greatly aided by an extensive use 
of symbolic manipulation. The results showed that destructive, high amplitude limit cycles could 
exist, not only in the linearly unstable regime, but also at rotor speeds for which linear analyses 
would predict purely stable behavior. Thus one would expect that a strong perturbation to the 
craft, such as a hard landing, could push the system into a high amplitude limit cycle that would 
lead to the destruction of the aircraft. These predictions were fully verified by the experimental 
ground resonance rig. The experimental parameters were entered into the generic analytical 
model and led to responses that were very closely matched by the behavior of the actual model. 
Thus the findings were shown not to be simply academic exercises, but responses that were 
physically realizable. Parametric studies were completed to indicate the response of the system 
under a widely varying set of physical conditions. The generic methodology of the analyses can 
easily be applied to a variety of rotor problems. 
The air resonance study led to a moderately complicated structural model having aero-
dynamic interactions. The complexity of the nonlinear response made a limit cycle analysis 
computationally infeasible, thus leading to a use of more traditional numerical integration. The 
same sorts of behavior that were predicted for the ground resonance model were shown to be 
possible in the air resonance model, i.e. limit cycling in a linearly stable region of rotor speeds. 
The effect of various nonlinearities on the response was assessed, with the conclusion that the 
most significant nonlinear effects were engendered from discrete nonlinear structural elements. 
This model was also examined for more complicated nonlinear effects than simple harmonic limit 
cycles. The most notable outcome of this work was the demonstration that under a harmonic ex-
citation (such as occurs with Higher Harmonic Control) the rotor response can become chaotic. It 
is believed that this is the first time that the existence of chaos has been indicated in a rotorcraft. 
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